ON CELLULAR DECOMPOSITIONS OF
HILBERT CUBE MANIFOLDS ZVONKO CERIN M. Brown's notion of a cellular set has proved useful in the study of upper semi-continuous decompositions of finitedimensional manifolds. This paper introduces an infinite-dimensional analogue of it and studies decompositions of Hubert cube manifolds into cellular sets. Our results give evidence that there is a close analogy between cellular decompositions of finite-dimensional and infinite-dimensional manifolds.
1* Introduction* The purpose of this paper is to collect and transliterate into the Q-manifold setting a body of the basic "shrinking theorems" and to sort out some of the complications which arise from the infinite-dimensionality. We give several new sufficient conditions on an upper semi-continuous decomposition G of a Q-manifold M in order that the quotient space M/G is homeomorphic to M.
Let X be a closed subset of a Q-manifold M. We shall say that X is a cellular subset of M provided X can be represented as XΓ\ί>oKi, where XdmtK if K t = Q, BdiΓ, = Q, and ΈAK t is a ^-set in K u for each i > 0.
It is clear that a cellular set X in a Q-manifold M has trivial shape and that cellularity depends on the embedding Id, not just on X (for example, Wong's wild arc in the Hubert cube Q [8] is not cellular (see (2. 3)(a)). A compact Z-set X in If is cellular if and only if X has trivial shape (see (2. 3)(b)). On the other hand, the cube Q x [0, 1] is cellular in Q x [0, 2] but it is not a Z-set in Q x [0, 2] .
In § 2 we first prove a comprehensive Theorem (2.4) that gives eleven necessary and sufficient conditions for a proper closed subset X of a compact connected Q-manifold M to be cellular. They include the infinite-dimensional version of the famous McMillan's cellularity criterion [32] and the equivalence of cellularity and the property of being pointlike, i.e., that M -X be homeomorphic to M minus a point. We also prove in Theorem (2.8) that a finite-dimensional compactum of trivial shape in the Hubert cube is cellular if and only if it satisfies cellularity criterion. Hence, finite-dimensional cellular sets in Q-manifolds share many properties with cellular sets in finitedimensional manifolds. The infinite-dimensional cellular sets are more difficult to characterize and recognize which explains numerous complications that arise in attempts to find infinite-dimensional analogues of some results about cellularity in finite-dimensional manifolds.
In the remaining § §3, 4, and 5 we consider upper semi-continuous decompositions G of a Q-manifold M into cellular subsets (that we call cellular decompositions) and, equivalently, proper maps/:M->Y (called cellular maps) of M onto Hausdorff spaces Y such that for each y eY the preimage f~\y) is a cellular subset of M. The separation into three paragraphs corresponds to the three different assumptions that we make about the nature of the set p{H G *), the projection of the union Hg of all nondegenerate elements H G of G under the quotient map p: M-* M/G. In §3 we do not make any restrictions on p(Ha), in § 4 this set is assumed O-dimensional, and in § 5 countable. Our paper is only an introduction into the study of cellular decompositions of Q-manifolds. We leave many questions unanswered and some of them are formulated in the form of three conjectures stated in this introduction. These questions and our results are motivated by corresponding questions and partial results about cellular decompositions of finite-dimensional manifolds.
Let us describe § §3, 4, and 5 in more detail. The short § 3 contains the important observation (a consequence of the KozlowskiLacher Theorem [25] , [28] ) that a cell-like map f:M-*N (i.e., / is a proper map and f~\y) has trivial shape for each y e N) between Q-manifolds is a cellular map. This implies that if we want a decomposition G of a Q-manifold M into sets of trivial shape to have the quotient M/G homeomorphic to M then we must assume that G is a cellular decomposition. A modification of Eaton's argument for the existence of dog-bone decompositions for higher dimensional Euclidean spaces (see [12, p. 114] ) show^s that there are cellular decompositions G of Q with p(Ho) homeomorphic to a Cantor set and with each nondegenerate element of G a Z-aet arc such that Q/G is not Q. Therefore, in order to get M/G = M, in addition to assuming that G is cellular, it is necessary to make further assumptions about G.
The remainder of § 3 is concerned with the extension to Q-manifolds of the appendix of Lacher's paper [27] .
In § 4 we study upper semi-continuous decompositions
. Two basic conjectures concerning O-dimensional decompositions G of a connected Q-manifold M are the following.
The best result supporting Conjecture 1 is Toruήczyk's Theorem 5' in [40] where it was proved that a cell-like decomposition G of a Q-manifold M such that M/G is an ANR and Hg is contained in a countable union of finite-dimensional compacta satisfies (M/G) x I = M. In the example (4.12) we shall describe a noncellular set C in the Hubert cube Q which is not a countable union of finite-dimensional compacta such that (Q/C) x I = Q.
The suggestion for Conjecture 2 comes from the observations in the § 4. We first recall the notions of weak shrinkable and shrinkable decompositions from [41] . It follows from McAuley's Theorem 2 in [21, p. 24 ] that shrinkability of a decomposition G of a Q-manifold M is a sufficient condition for M/G = M. In the case when G is a cell-like decomposition, this condition is also necessary (see Theorem (4.1)). We prove in Lemma (4.2) that shrinkable decompositions of a Q-manifold are cellular and in Theorem (4.4) that for a Q-dimensional decomposition of a connected Q-manifold into compact sets shrinkability and weak shrinkability are equivalent. It follows that a O-dimensional weakly shrinkable decomposition G of a connected Q-manifold M into compact sets is cellular and M/G ~ M. Hence, Conjecture 2 is true if a homeomorphism M/G = M is a consequence of weak shrinkability of G. The conjecture is also true when either M is contractible and p{H §) is contained in a O-dimensional iΓ-set in M/G = M (Theorem (4.5)), or G is a countable decomposition into compact sets of a contractible or a compact connected Q-manifold M (Theorem (5.6) and Remark (5.7)). In Conjecture 2 the assumption that G is O-dimensional can not be weakened in general because by crossing Bing's example of a decomposition H of the interior of the 3-cell Γ into circles and figure eight's such that P/H = P ( [21, p. 7] ) with Q will give us a noncellular decomposition G of Q with dim p(Hg) > 0 such that Q/G = Q.
We close § 4 with Theorems (4.7), (4.9) and (4.11). The first gives a sufficient condition for a O-dimensional cellular decomposition G of a Q-manifold M to satisfy M/G = M analogous to Price's condition in [36] . The second proves that a O-dimensional cell-like decomposition G of a Q-manifold M equivalent in the sense of ArmentroutLininger-Meyer [2] to a cellular decomposition of M is itself cellular. The last is a restatement of an observation from [34] in the Q-manifold setting used in (4.12) mentioned above.
The final § 5 studies decompositions of Q-manifolds with at most countably many nondegenerate elements (such decompositions are called countable decompositions). The best result known for these decompositions is the following special case of Toruήczyk's Theorem 3 in [40] .
Conjecture 3. There is a countable cellular decomposition G of the Hubert cube Q such that Q/G is not homeomorphic to Q.
As long as we do not know that the above conjecture is false it is interesting to look for sufficient conditions on a countable cellular decomposition G of a Q-manifold M that would imply M/G = M. We observe (Theorem (5.1)) that this is the case if H § is a (? δ -set in M and in Theorem (5.3) we prove that a decomposition G of Q into a null sequence of tame subcubes of Q (i.e., subsets K of Q, K = Q, such that Bd K = Q is collared in both K and Q-int K) satisfies Q/G ~ Q. Finally, in Theorem (5.6) we show that, for a countable decomposition G of a contractible Q-manifold M into compact sets, if the quotient M/G is a Q-manifold, then G is cellular and M/G ~ M. This result implies (see (5.8) ) that the condition from (4.7) is also necessary for a countable decomposition G of a contractible Q-manifold M into compact sets to yield a Q-manifold as a quotient M/G.
We assume that the reader is familiar with notions and results of infinite-dimensional topology. An excellent reference is [12] .
I am grateful to Andrea C. F. Shadenhofer for support while I was writing this paper. We also thank the refree for valuable remarks which greatly improved our results and presentation. (b) A Z-set X in a compact Q-manifold M is cellular if and only if X has trivial shape. Indeed, the first half of this statement follows from (a) above, while the second is a consequence of Theorem (2.4) (v) => (i) and Theorem 9 in [13] which implies that M -X is homeomorphic to N -{p} for some compact Q-manifold N and a point peN.
(c) The standard example of a cellular set that is not a Z-set is the half-cube 2] shows that by defining cellular sets as intersections of decreasing sequences of Hubert cubes (without any conditions on their boundaries) we get an unsatisfactory notion because
(d) A simple way of constructing cellular sets in Q is through the use of hyperspaces of closed subsets. Let Y be a compact connected ANR and let AcΓbe a closed connected subset which is the intersection of a decreasing sequence of connected ANR neighborhoods
A is the intersection of a decreasing sequence of Hubert cubes {2 Nί } [15] . Since the boundary Bd2 v * of 2 Ni in the
F . The following theorem describes the structure of cellular sets and illustrates the close analogy between that notion and M. Brown's notion of a cellular subset in an ^-dimensional compact metric space [6] . In its statement we shall use some definitions from [11] that we recall first. Let 
v ) X has trivial shape and M/X is a Q-manifold. ( vi) X has trivial shape and the point X of MjX corresponding to X is a Z-set in M/X. (vii) X is pointlike in the sense that M -X is homeomorphic to M -{p} for some point pe M. (viii) For some point peM, the Q-manifold M -{p} is proper homotopy equivalent to M -X.
(ix ) X has trivial shape and the Q-manifold M -X has one end and is trivial at oo, ( x ) X has trivial shape and the Q-manifold M -X has one end and is movable at oo and k-trivial at °° for every k ^ 0.
(
xi ) X has trivial shape and the Q-manifold M -X has one end and is {S
, and (xi) =* (v).
(i) => (ii). Let ε > 0 and an open neighborhood U of X in M be given. Since X is cellular there are normal cubes K t and K 2 such that X c int K 2 aK 2 cz int K x c K x c U. It follows from results in [43] and [12] that there is a homeomorphism of quadruples /: Clearly, h is supported on C/ and diamft(X) < ε for a sufficiently small S.
(v) => (iv). This implication follows from Chapman's CE Approximation Theorem [12] .
(vi) => (v). Since X has trivial shape, the quotient M/X is an ANR [23] . It was observed by Ferry [21] (see also [40] ) that then M/X is a Q-manifold if and only if the point 1 is a i^-set in M/X.
(viii) => (v). One easily proves that the Q-manifold M -X admits a boundary of trivial shape [13] . Hence, Q-manifolds M -X and M -{p} are homeomorphic near oo [13, Theorem 7] . That X has trivial shape now follows from the argument below used to prove that (vii) => (i).
vii) => (i). Let h: M -{p} -• M -X be a fixed homeomorphism and let U be an arbitrary open neighborhood of
be a copy of the Hubert cube such that Bd K ~ Q is bicollared in Λf and let p e int K. We claim that
It follows from Grusko's theorem that π x {K r ) is trivial. On the other side, the Meyer-Vietoris sequence of the pair (iΓ, U) gives
We know already that L' and AT have the same homotopy type. Thus, H q (K r ) = 0 for all q Ξ> 2. This means that iΓ is a contractible Q-manifold and therefore is homeomorphic to the Hubert cube by [12, Theorem 22.1] .
(x) ==> (ix). We observed in [9, p. 139] that a movable at oo space that is also /^-trivial at oo y for every nonnegative integer k, is trivial at oo.
(xi) => (v). We shall show that the Q-manifold M -X admits a boundary of trivial shape [13] . This will imply by [13, Theorem 9] that M/X ~ (Λf -X) U °° is a Q-manifold. Clearly, it suffices to prove that for every open neighborhood U of X, the inclusion JJ " jc, u i s a homotopy equivalence. In order to do this, by Whitehead's theorem, we must check that the pair (17, U -X) iŝ -connected for every w ^ 0, i.e., that every map /:
Pick neighborhoods V o c VΊ C c V^ c7,-Ϊ7 of X such that inclusions F* ^ V i+1 are null-homotopic in F i+1 and every map ψ: S k -+ F t -X is null-homotopic in F t+1 -X, for every 0 <. k ^ n and i = 0,1, -..,^-1.
Consider an arbitrary map /:
with the interiors of a finite number of disjoint w-cells Ti, ' -', ?m which do not meet Bd Δ n such that the τ, are simplices of c^ V s is null-homotopic, the map on (Bάσ) xίU^x{0,l} defined as ψ on σ x {1}, as f\σ on ί7 x {0} and as φΓ 1 \Bάσ on (Bdσ) x I can be extended to a homotopy in V s of /|σ with the map α/r. Piecing all such homotopies together will give us a required homotopy φ\.
We now extend φΐ to all of A n by defining φ?\N = f\Nfor each ί. Thus / is homotopic to a map φ": A*-> U -XxelN and hence relBdJ*.
The remaining implications in the above plan of our proof are obvious.
REMARK 2.5. The implication (ix) ==> (i) can be regarded as the infinite-dimensional version of McMillan's cellularity criterion [32] while the implication (vii) => (i) is the extension to Q-manifolds of a theorem due to Christenson and Osborne [14] for ^-manifolds. Simple examples show that in general our assumptions can not be weakened. In particular, the requirement that M be compact and connected is essential in the implication (vii)=»(i). Indeed, let Y = (S 1 x Z + V Z) U °o be the one-point compactification of the disjoint union of the product of the circle S 1 and nonnegative integers Z + and the integers
. Then X is pointlike in M but is not cellular. REMARK 2.6. For a simply-connected compact Q-manifold M in (v), (vi), (ix), and (x) (but not in (xi) as is clear from the discussion below) we can weaken the requirement that X has trivial shape with the condition that X has trivial reduced Cech cohomology with integer coefficients. Indeed, in (3.4) we shall show this for (v) while in the above proof that (vi) implies (v) this time we need an improvement of [20] due to Kozlowski (see [13, p. 207] ) in order to get that M/X is an ANR without using the fact that X has trivial shape.
Finally, for (ix) and (x) we first observe that because M -X is one-ended and {S^-trivial at co there are arbitrarily large compact Q-manif olds M Q in M -X such that Bd Mo is simply-connected and collared both in M Q and in M -mtM 0 (see [13, p. 198] [19] ) that, in general, we can not conclude now that X has trivial shape (or, equivalently, that it is an £7F°°-compactum). This will follow however in the cases when X is either movable or it has finite (fundamental) dimension (see [19] and [35] ). In our situation we proceed to this conclusion as follows.
The idea again is to show that M -X admits a boundary of trivial shape. Since X is the intersection of open neighborhoods U of finite homotopy type and since the above proof of the implication (xi) ==> (v) can be applied to get that the inclusion U -X <=^> U is a homotopy equivalence, M -X is tame at °o [13] . By the Practical Boundary Theorem in [13] we see that M -X admits a boundary. This boundary must have trivial shape because M -X is trivial at oo (see [11, Theorem (3. 2)]).
The following amusing application of (2.4) improves Theorem 2 in [43] . [12] . The statement within parentheses follows from [20] .
We turn now our attention to the characterization of cellularity for finite-dimensional sets. Surprisingly, McMillan's Theorem 1 in Proof. We established in (2.4) that {S'J-triviality at oo o f M is a necessary condition for X to be cellular. We shall now prove its sufficiency when Xis finite-dimensional.
Since X is finite-dimensional, M has one end and therefore is LC L at co [13, p. 198 }-trivial at oo for every k ^ 0. Now, from (2.4) (xi) => (i) we conclude at last that X is cellular. REMARK 2.9. In the above theorem it suffices to assume that X has trivial reduced Cech cohomology with integer coefficients because we can apply an argument from § 3 in [29] to get that X is an UV'-compactum which implies that X has trivial shape (see (2.6)). EXAMPLE 2.10. In the first version of this paper the author erroneously claimed that a finite-dimensional subset of a compact connected Q-manifold with {S^J-trivial at oo complement is a Z-set. In particular, that finite-dimensional cellular sets in Q are ^-sets. Now we shall sketch the construction of a cellular arc in Q which is not a Z-set in Q.
The first step is to observe that there is a wild arc a in Q with simply-connected noncontractible complement. The area can be constructed by adapting methods in [18] to the Hubert cube using techniques from [44] . (by (2.8) (i) Let X be a finite-dimensional compactum in the Hubert cube Q. If Q -X is locally 1-connected at each point of X [32] , then every compactum of trivial shape which is a subset of X is cellular in Q.
Indeed, the complement of β in C(Q/a) is homeomorphic to (Q -a) x [0, 1). This implies that β is not a Z-set in C(Q/a) because ON CELLULAR DECOMPOSITIONS OF HILBERT CUBE MANIFOLDS
(ii) Let A be a cellular arc in the Hubert cube. Then each subarc of A is cellular. REMARK 2.12. In several proofs in this section we referred to results from [13] . The paper [13] is based on Siebenmann's unpublished thesis [38] and on [39] and is nonelementary because of a complicated algebra involved. Since we used [13] only in the "trivial case" where there is no algebra (when the arguments in [13] are much simpler) and because of the elementary nature of the rest of our paper we shall briefly describe how to avoid [13] .
(a) Example (2.3) (b): The cellularity of insets of trivial shape is established in [12] , where the Engulfing argument on pp. 14-15 works in general, employing Theorem 19.4 on pp. 30-31. (b) Theorem (2.4) (viii) => (v): This is the same as (a) in spirit; using the fact that M -X is proper-homotopy equivalent to M -{p}, we provide by controlled Z-set engulfing a homeomorphism of
, where U is a closed neighborhood of oo in M -X and N is a compact neighborhood in U of the boundary of U in M. Now by the same Z-set engulfing argument Chapman gives in Chapter V of [12] , we show that some neighborhood V c U of oo in M -X is homeomorphic with Q x [0, 1), which is a neighborhood of oo in M -{p}.
(c) Theorem (2.4) (xi) => (v): Our proof has essentially established that M -X is trivial at oo, i.e., (xi) => (ix); now we show that (ix) => (vii) by rigidifying to a proper homotopy equivalence, which is easy in this case.
(d) Remark (2.6) and Theorem (2.8): The corollary to the Practical Boundary Theorem can be proved elementary following the proof in [5] (this is an unpublished result of Chapman). An important class of cellular maps is that of cell-like maps between Q-manifolds. This follows from the following more general observation. THEOREM 
Let f:M->N be a cell-like map of Q-manίfolds. A compact subset Y of N is cellular in N if and only if X = f~\Y) is cellular in M.
Proof. We recall that a cell-like map between ANRs is a hereditary shape equivalence and a proper homotopy equivalence at the same time [25] (see also [27] ). This implies that Xhas trivial shape if and only if Y has trivial shape and that M -X is trivial at the end of M -X corresponding to X if and only if JV -Y is trivial at the end of N -Y corresponding to Y. Now, we apply the implication (ix)=*(i) in (2.4). COROLLARY 
A proper map f:M->N of Q-manifolds is cellular if and only if it is cell-like.
REMARK 3.3. It is clear from the proof of (3.1) that the above corollary can be improved by assuming that N is just a locally compact ANR each point y of which has an open neighborhood V such that V -{y} is trivial at the end of V -{y} corresponding to y.
We shall now extend the appendix of Lacher's paper [27] to Qmanifolds. These results show that certain types of isolated singularities do not exist.
Let M be a Q-manifold, Y a Hausdorff space, and let f:M->Y be a proper map onto Y. Define two "singular sets" as follows:
and Q f = {y 6 YI Y is not locally Q at the point y) .
Recall [27] that an onto map f:M->N
between Q-manifolds is strongly acyclic if and only if the reduced Cech cohomology of f"\y) is trivial for each y eN. Observe that f\U 0 : UQ-^VO is a cellular map of Q-manifolds. Hence, f\U 0 is proper homotopic to a homeomorphism h: U 0 ->V 0 [12, p. 105] . But y 0 has arbitrarily small compact neighborhoods W such that {W -{y Q }, Bd W) ( Q x [0, 1), Q x {0}). Hence, f~\y 0 ) is the intersection of Q-manifold neighborhoods Z = ^(TΓ -{i/ 0 }) U /^(T/O) such that BάZ = Q. By using the Van-Kampen theorem and the assumption that M is simplyconnected we see that Z is simply-connected so that f~\y^) has property UV 1 . It follows that f~\y Q ) is an t/F^-compactum for all k ^ 0 (see [27] ). But f"\y 0 ) is also movable because neighborhoods Z can be compressed by a homotopy as close to f~\y 0 ) as we please. This implies that f~\y 0 ) has trivial shape [19] and therefore that it is cellular in M. EXAMPLE 3.5. The condition that M is simply-connected can not be dropped. Indeed, let X be an acyclic ANR such that π t X is not trivial (X can be obtained from a nonsimply connected homologŷ -sphere, n ^ 3, by deleting the interior of a simplex). The product XxQisa nonsimply connected Q-manifold [12, Theorem 44.1] . Let N be a normal cube in IxQ. Then a map f:Xx Q-> N/BdN, obtained by shrinking X x Q-int N to a point, is a strongly acyclic map of Q-manifolds such that C f is a single point (see [27] ). 
We can arrive to this conclusion also in the following way. By Kozlowski and Lacher ([25] and [28], resp.), f\W is a proper homotopy equivalence. It follows from (2.4) (i) => (ix) that V -{y 0 } is trivial at the end corresponding to y 0 . Now invoke [37, Theorem (4.2)] or [7, Theorem (4.2) ] to conclude that V is an ANR and {y 0 } is a Z-set in V. Applying Ferry's observation [20] we see that V is a Q-manifold. 
4*
In this section we shall mostly consider O-dimensional cellular decompositions.
We first recall two definitions on shrinkability of decompositions from [41] . Now, let ^ be a covering of ίfί by saturated open sets of M and let ε > 0 be given. By an argument on page 31 of [41] it suffices to find a shrinking homeomorphism / satisfying (1) and (2) above in the case when h -id, the identity. In order to do this, let ^' be a normal cover [22] For a cell-like map p|^*: ^* ->p(^'*) of Q-manifolds construct a homeomorphism /' = /W>,^: ^* -> ^*. Clearly, /' can be extended by the identity outside ^* to a required homeomorphism f\M-^M.
By replacing w-cells with normal cubes in the proof of Lemma 2.4 in [41] we get the proof of the following. The best information about O-dimensional weakly shrinkable decompositions of Q-manifolds available is the following special case of Lamoreaux's general theorems in [30] (in particular, consult Theorems 4, 10, and 13 in [30] ). .3) and the fact that a pointlike compact subset of a connected Q-manifold must be connected) we can prove the following result which implies that in the above argument the requirment that M is compact can be removed. with the intersection p~ιh~\N) n (Λf -p-^int N)) = p-'Λ-^Bd JSΓ) homeomorphic to Q. It follows from [22, p. 49] and [12, p. 36] that  p^h^iN) is a contractible Q-manifold and thus is a normal cube neighborhood of p~\x) in ilf. Hence, G is a cellular decomposition. Another (besides (4.3)) sufficient condition for a cellular decomposition G of a connected Q-manifold M to give M as a decomposition space M/G is the following analogue of Price's main result in [36] . In (5.8) below we shall show that for countable decompositions of contractible Q-manifolds into compact sets this condition is also necessary. Proof. Since the decomposition G is 0-dimensional (every point of p(Ho) has arbitrarily small open neighborhoods in p(H$) with empty boundaries) and cell-like, by combining Theorems (4.1) and (4.4) and Theorem 10 in [30] , we see that it suffices to prove the theorem for the case M = Q x [0, oo).
The proof for this case can be given following Price's proof of Theorem 1.4 in [36] provided we can prove an analogue of his Lemma 1.1 (stated below as Lemma (4.8)) and then replace the balls B{k) in the construction on page 431 of [36] with Hubert cubes Q x [0, k]. [36] .
The following definition is adopted from [2] . Let F and G be decompositions of a Q-manifold M. 
Proof. For geG select feF such that h(p F (f)) = p G (g), where h: M/F-> M/G is a homeomorphism with the property that
Since M/F and M/G are ANR's (by a theorem of Kozlowski [25] ; this is also a consequence of an unpublished result of R. D. Anderson proved in [42] ), maps p F and p 0 are proper homotopy equivalences [25] , [28] . This implies that M -g is one-ended and trivial at c>o because M -f is one-ended and trivial at oo (since / is cellular). It follows from (2.4) (ix) ==> (i) that g is cellular. Now we recall a simple condition from [34] which implies that shrinking compact sets C and A in a Q-manifold M produces equivalent decompositions.
Let N ε (X) denote the open ε-neighborhood of a subset X in a metric space. Hence, the decomposition G of Q with the only nondegenerate element C is an example of a noncellular decomposition of Q such that (Q/G) x I = Q and to which we can not apply Toruήczyk's theorem mentiond in the introduction. Let C" denote the join of Q 1/2 with (0, 0) and put C = C U A. By [24] , Q o , Q, Q 1/2 , and C are Hubert cubes. Using linear transformations along rays from the point (0, 0) and phasing them out outside the ε-neighborhood of C it is easy to see that C compresses toward A. 5* Countable cellular decompositions* In this final section we shall consider countable decompositions G of a connected Q-manifold My i.e., decompositions with at most countably many nondegenerate elements.
Since each cellular set in a Q-manifold M is locally shrinkable in M (see (2.4) (i) => (ii)) from McAuley's Theorem 1 in [21, p. 23] we immediately get. THEOREM 
Suppose that G is a countable cellular decomposition of a Q-manifold M such that Hg is a G δ in M. Then the decomposition space M/G is homeomorphic to M.
Our next theorem gives another sufficient condition for a countable decomposition G of the Hubert cube Q in order that Q/G = Q. The restriction is on the nature of elements of G (they are tame cubes) and on their size (G is a null family, i. e., for every ε > 0 only finitely many elements of G have diameter > ε). The proof of this theorem follows closely Meyer's proof in [33] Proof. It is clear that G is a countable cell-like decomposition so that by (4.1) and (4.4) it suffices to prove that G is weakly shrinkable. This will be accomplished in Lemma (5.5) below whose proof is based on the following technical result.
We 
